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1. (i) Integrating by parts,

u = cos%x v' = cos bx

!

_ . 1,
u' = —acos*1x sinx vzzsmbx M1

T T
I(a,b) = [cos“x %sin bx]2 - fOE—a cos? 1x sinx %sin bx dx M1 A1lft
0

SIS

T T
2 2
a-1 ; 1. a-1 ‘ ;
=0+ | acos x sinx Esm bx dx = cos x sinx sinbx dx
0 0
M1

cos(b — 1)x = cosbxcosx + sinbxsinx M1A1l

So I(a,b) = % f07 cos® 1 x (cos(b — 1)x — cos bx cos x) dx

= 2[la-1,b-1)—I(a,b)] M1
Thus I(a,b) = — I(a —1,b — 1) asrequired. M1A1* (9)

(ii) Suppose
2K kU (2m)! (k + m)!

— (_1\m
I Je+2m+1) = (D) T D

El
Then by (i),
k+1
I(k+1,k+2m+2) = ml(k,k+2m+1)
M1
o k+1 (sz"k! (2m)! (k +m)!
2k +2m+ 3 m! (2k +2m + 1)!
M1 A1
_ k+1 (1)m2kk!(2m)!(k+m)! 2k +2m + 2
2k +2m + 3 m! 2k +2m+1)! " 2k +2m + 2
M1

21 (k + 1)! 2m)! (k+m + 1)!
m! 2k + 2m + 3)!

= ()m

261 (k+ 1) 2m)! ((k + 1) +m)!
m! (2(k + 1) + 2m + 1)!

= "

which is the required result for k + 1 Al



T
2

T 1 [sin(2m + 1)x]3

M1

s
2

1(0,2m + 1) = f cos(2m+ 1)x dx =
0

Al

1. -1 .. . 1
= ifmiseven or = if mis odd , or alternatively (—1)™
2m+1 2m+1 2m+1

fn=0,
2! (2m)! (n+m)!_ m (2m)! (m)! o am
m 2n+2m+1)! D™ (2m+1)!_( D 2m+ 1

M1 A1

(-1

soresultistrueforn =0.

So by the principle of mathematical induction, the required result is true. E1 (11)

Alternative for (i)
cos® x cos bx = cos® 1 x [cos x cos bx]

1
cos x cos bx = > [cos(b + 1)x + cos(b — 1)x]

2[(a,b) =1(a—1,b+ 1) +I1(a—1,b—1)
Also

1
sinx sin bx = 5 [cos(b — 1)x — cos(b + 1)x]

so using integration by parts of main scheme,

21(a,b) =%[I(a—1,b—1)—1(a—1,b+1)]

Eliminating I(a — 1, b + 1) between these results gives required result.



2. (i) sinhx + sinhy = 2k

Differentiating with respect to x, coshx + coshy Z—z =0 M1

Z—z =0 = coshx = 0 whichis not possible as coshx > 1 Vx, so there are no stationary points.
E1 (2)
. L . . . . dy\ 2 d?y
Differentiating again with respect to x, sinhx + sinhy (E) + coshy o 0 M1

dy _ —coshx

d2y _ . . . . —cosh x\2 _
and ——= =0 implies sinhx + sinhy (coshy) =0

dx coshy
cosh?y sinhx + cosh? x sinhy = 0

(1 + sinh?y) sinhx + (1 + sinh? x) sinhy = 0

(sinhx + sinhy)(1 + sinhx sinhy) =0

M1 A1l
But sinhx + sinhy =2k >0 so
1+ sinhx sinhy =0
as required. E1 (4)
2
At a point of inflection, % =0, so sinhx + sinhy = 2k and sinhx sinhy = —1 and thus,

sinhx (and sinhy as well) isarootof 12—2kA1—1=0 M1
. 2k £V4k? +4
B 2

-1 -1 k—VkZ+1 _ —(k—Vk2+1) T
P =2 i e Rl e k2—(k2+1) k k*+1

sinhx = k++Vk?+1, sinhy =

and vice versa.

So the points of inflection are

(sinh~*(k +vVkZ+1), sinh"*(k —vkZ+ 1)) and Al
(sinh™*(k = VkZ +1), sinh7'(k +Vk? + 1)) Al (3)

(i) x+y=a =>y=a—x soas sinhx+ sinhy =2k

Multiplying by 2e*,
e?* —1+e® — e e = 4ke”

e?*(1—e %) —4ke*+(e*—1)=0
Al*



As e*isreal, 'b> —4ac>0',s0 16k?—4(1—e Y(Ee*-1)=>0 M1

4k? —e2—e 242 >0
4k? —2cosha+2>0

So cosha < 2k?+1 Al
If a=0,then x =—y so sinhx=-sinhy and thus sinhx 4+ sinhy =2k =0 but k> 0.
So cosha > 1 as required. E1 (5)

(iii) G6 (6)

N
g
Alternative
. ) d
(i) dy _ —coshx d%y coshy sinh x—cosh x sinh yd—z _ {cosh2 y sinh x+cosh? x sinh y}
dx coshy ’ dx?2 cosh?y cosh3y

then as before.



(i) Substituting a = 0 would imply e* = 0 which is impossible.



_ir
k—a=(Mb—-a)e 3

M1 A1l
Therefore,
1 _im
gABzg[a+b+(a+(b—a)e 3)]
M1
_im _in
_ 2—e 3 +b 1+e 3
“\ 73 3
im 341
w=e6 =
2
and so
V3
© T2
it 2 _ ﬂ
2-e73 2 ) 3+i/3 1+V3+i 1
3 3 “T 6 B3 2 B3¢
Al
and
_im 14+ ﬂ
1+e3 2 ) 3-iv3 1 |
3 3 ~T 6 B°
Al (5)
Thus g5 = %(ma + w*b) as required.
. 1 .
(i) 9ap = ﬁ(wa + w'b)
1 .
93c=\/—§(wb+w c)
Jep = %(CDC + w'd)
1 .
gDA=ﬁ(wd+0) a)
Q, parallelogram =>b—a=c—d ©d—a=c—b B1

1 1
- =—(wb—a)+w(c—>b))=—(w(lc—d)+w({d—a)) = -
9ec — Y9aB \/§( ( ) ( )) \/§( ( ) ( )) 9dcp — 9pa
= @, parallelogram. M1 A1l

Q2 parallelogram = gpc — gap = Gcp — 9pa

1
FWl0 -0 = =)+ =h) - @ -l =0
("
1
F@ -wla-n-@-0l=0
Al

As w*—w #0,(a—b)—(d—c)=0andso Q, isa parallelogram E1 (6)



(iii)
1
9sc —9ap = ﬁ(w(b —a)+w*(c—Db))
M1 A1l

1
Yca — 9ap = E(w(c —a)+w(@a=-5b) (1)

1
w?(gpc — Gap) = ﬁ(wz’(b —a)+wlc-b) (2

M1
—(i(h - @) + w(c — )
=—(i(b—a)+ w(c—
V3
Al
The coefficient of ia in (1) is w*" —w = AETL N b —i Bl
V3 2 2
The coefficient of \/%b in (1) is —w* = (i — w) B1
The coefficient of %c in (1) is w B1
Thus GypGpyc rotated through g is GupGcq Which means that G4pGpcGc4 is an equilateral
triangle. E2 (9)

(iii) Alternative
1
X =9pc —9gap = ﬁ(w(b —a)t+w'(c— b))
M1A1l

1
Y=9ca—9aB = ﬁ(w(c —a)t+w(a- b))

1(i_nb m | m cm
XxX=—|e6b—eba+e 6 c—e 6 )
V3
M1
1<i_ﬂb —im i7m
=—lez2 +e6c+e6a)
V3
Al

in i3m i5m

1(_ i3m 5T
=— e6c+e2a+e6b)
e

("

R
Il
Q
wl§

M1 A1
i
es meansy is x rotated through % E1 and thus ABC is an equilateral triangle. E1 (9)

[or alternatively

|%| =1 and similarly |§| =1 M1 and thus all three sides are equal length E1 ]



4. m has equation r.n = 0 son is avector perpendicular to this plane.

Qlieson 7 if x — (x.n)n satisfies r.n =0
(x—(x.nn).n=x.n—(x.n)n.n=x.n—x.n=0 soQlieson 7 as required. M1 A1

PQ = (x — (x.n)n) — x = —(x.n)n which is parallel to n and so is perpendiculartom . E1(3)

a
(i) The image of a point with position vector x under Tis x — 2(x.n)n,soas n = (b) and
c
M1

1 1 1\ ,a\ ,a 1 a 1 —2a?
i= (0) ,theimage of i underTis (0) -2 <0><b> <b> = (0) —2a (b) = ( —2ab ) Al
0 0 0 ¢/ \c 0 c —2ac

But a2 +b*+c?=1s01—-2a?=a?+b%+c?—-2a%*=>b?+c%?—-a? dv1

b? + ¢? — a?
Thus, the image of i under Tis —2ab as required.
—2ac

—2ab —2ac
Similarly, the images of j and k are <c2 + a? —bz) and( —2bc ) respectively.

—2bc a® 4+ b? — c?
B1 B1
b? 4+ c? — a? —2ab —2ac
Thus M = —2ab c? 4+ a® — b? —2bc Bl (6)
—2ac —2bc a® + b? — ¢?

(i) 1—2a2 =064 = a=10-3vV2 andthusas —2ab =0-48 and —2ac =06,

M1 Al
b=F0-4v2 and ¢ = F0:5v2 and theplaneis 3x —4y — 5z =0 (or —3x + 4y + 5z = 0)
A1ft Alft (4)

(iii) Suppose the position vector of the point Q on the given line such that PQ is perpendicular to

a a
thatlineis y,then y =21 <b> for some A and (y — x). <b> =0 E1l
c c

a a a
So, y. (b) —x. <b> =0, ie A=nx. <b> M1
c c c

a\ sa
So, the image of P under the rotation, is x + 2(y — x) = 2y — x = 2x. <b> (b) —-x M1
¢/ \c

2a2 -1 a? — b? — c?
The image of i under the rotation is thus 2ab = 2ab , Al andof j and k
2ac 2ac
are



2ab 2ac
b? —c? —a? | and 2bc respectively.

2bc c? —a? — b?
a®? — b? — ¢? 2ab 2ac
Thus N = 2ab b?% — %2 — g2 2bc , which, incidentally = —M . A1 (5)
2ac 2bc c? —a? - b?
(iv) NM = —MM = —I as M is self-inverse. B1

Thus the single transformation is an enlargement, scale factor -1, with centre of enlargement the
origin. B1 (2)

alternative for (iii)

x=u+v where u€llandv LIl M1

Mv =—-v Mu=u Mx=u—-v M1

Nx=v—-—u=-Mx Al

N=-M Al (4)

alternative for (ii) the matrix represents a reflection, an invariant point under the reflection lies on

the plane of reflection. E1
Therefore,
0.64 048 0.6 x x
(0.48 0.36 —0.8) <y) = <y>
06 —-0.8 0 z z

Bl
Taking the simplest component equation
0.6x — 08y =2z
(although the other two give equivalent equations). B1

This simplifies to
3x—4y—-5z=0 B1



5. (x _ y)(xn—l + xn—zy + ot yn—l) — xn _ xn—ly + xn—ly _ xn—zy + .-

= x" — yn
as each even numbered term cancels with its subsequent term.

(i) If
A f(x)

x”(x—k)zx—k xn

F(x) =
then multiplying by x™(x — k)
1=Ax"+ (x—k)f(x)

M1
1
x=k 2A4= k—n
M1A1l
so
xn
1 :k_"+ (x—k)f(x)
and
1 X\
f(x)zx—k(l_(ﬁ) )
as required. Al*
Thus

("

B 1 xm — k"
Ckn(x—k)  k™x™(x —k)

and so, by the result of the stem,

n

1 1
— _ n-rjr—1
FO) =G —n o P
r=1
M1

1 1 i 1
T kn(x—k) kZuiknTxr
r=1

Al* (7)

+ xyn—l — yTl
(\"

E1(2)



(ii)

" (x) = 1 x™ 1 X7
Tk T G- kLT
r=
Differentiating with respectto x,
-1 ™! x™ 1 zn: (n—r)x* 1
(x—k)? kr(x—k) k*(x—k)? k 4 kT
r=
M1A1l
Multiplying by ;—i
1 -n 1 - n—r

X" (x — k)2 = xk™(x — k) + k" (x — k)2 + £ 1T+l

Al* (3)
(iii)
N N
f 1 p _J‘ -3 N 1 +z3—rd
x3(x —1)2 x= x(x—1) (x—1)2 xrr1 ¥
2 2 r=1
M1
N 3
_j3 3 4 1 +23—rd
) x (x—-1 (x—-1)? xT+1 x
2 r=1
dvii
N
1 3—r
=|3lnx —3In(x—1) — _Z
x—1 rx”
r=1 2
3 N
X 1 3—r
=31 _ _Z
[ n(x—l) x—1 rxr]
r=1 2
M1 A1l
3 3
=31 ( N ) ! 3T g (2)+1+23_r
IRV Ry ) rNT " 2T
r=1 r=1
Al
As N—>00,(E)—>1,5031n(ﬁ)—>0,and L—>0,i—>0
N N N-1 NT
El

So the limit of the integral is,



324142422 312+
n 27gT ety

M1 A1 (8)

Alternatives for stem using sum of GP or proof by induction M1 Al



6. (i)
y = cosx + Vcos2x

x=0,y=2 There is symmetryin x =0 G1 x:i%,y=% G1
dy _ . __ sin2x _ dy _ dy .
1e = —sinx NCTE M1 so x—O,dx—O x>0,dx<0 and vice versa
as x—>£,d—y—>—oo Al
4 " dx
5/'\

G1(5)
(ii)

G1G1(2)

_r\ﬂ

xb



I N §
(iii) t9—i4,r—\/E

r? —2rcosf + sin?0 =0
(r — cos8)? = cos? 0 — sin? 6 = cos 26
Therefore, r —cos @ = ++cos20 ,i.e. r=cosf + cos20 M1

From (i), r is only small on the branch, r = cosf — vcos28 . For 6 =0, r=0

Otherwise, cos@ — Vcos28 =0 ,cos28 = cos?6, 2cos?0 —1 =cos?60, cosf = +1 so for

—% <0 < %,9 = 0 is the only value for which r =0

So r smallimplies r = cos 8 — vcos 260 and 6 issmall El
2 2 l 2 2

Thus r~1-2— (1—@)2 ~1-2-1+602= 2% asrequired. B1*
2 2 2 2

+

@
()
)

G1G1 Gl (6)

Area required is
T s
112 2 1% 2
Ef (c059 + \/COSZO) ag — Ef (cos@ — \/c0529) do
0 0
M1

Vs
4

= ZJ- cosBVcos20 do
0

Al
T

)
= 2] cosf +1—2 sin%20 dé
0

Letx/fsin9=sinu, M1 then V2 cos @ %: cosu,



So the integral becomes
7 cos? Zcos2u + 1 in2 z
2C0s“u 2 cos 2u sin2u  uj2 T
zf duzﬁf—du:ﬁ[ e
o V2 0 2 4 2l 242
M1 A1l M1  Al*(7)

(iii) alternative
r«1l = —2rcosf+ sin?8 =0

sin®6 1 0 tan 6 2
"® 2cosg 2 mUtanvES




7.0) u=2Z+g()y

Thus
du d?y dy
a2t g(x)a+g )y
M1

As Z—Z + f(x)u = h(x)

LY 4 902t gy + 700 (L4 gry) = o
M1
thatis
d’y dy
2 T @O+ @) o+ (9@ +7ge)y = htx)
as required. Al1* (3)

(ii)
90+ ) =1+

andso f(x) = 1+§—g(x)

2 2
g+ g ="+

M1
so
4 2 2
’ 1 _ — — N
g (x)+< +- g(x)>g(x) <tz
as requested. Al (2)

If g(x)=kx", g'(x)=knx"?
knx™1 + (1 + L kx") kx™ = 2 + 12
x X X
M1 A1l
—k2x?M2 4 fex™2 + k(n+4)x"1 —2x—-2=0
Considering the x?"*2 term,
either it is eliminated by the x™*2 term, in which case,2n+2=n+2 and —k?+k =0
which wouldimply n =0 and k=0 ork=1
k =0 isnotpossible (—2x —2=0); n=0,k =1 would give 4x — 2x — 2 = 0 so not possible

(E1 can be awarded here if neither of next two B marks are obtained)



Or it is eliminated by the x™*! term, in which case, 2n+ 2 =n+1 whichimplies n = —1 and
thus —k% + k(n + 4) — 2 = 0 and considering the other two terms k —2 =0

k=2 and n = —1 satisfy —k? + k(n+ 4) — 2 = 0 so these are possible values. B1B1

So g(x)==andas f(x) =1+>—g(x), fX) =1+>  h(x) = 4x +12 M1
du . du 2
-+ f)u = h(x) isthus -+ (1+;)u=4x+12 M1

The integrating factor is

2
ef(l"';) ax _ px+2lnx — 42,x

(\"

Thus
2 xdu 2 X 2,x 3 2\, X
x‘e a+(x + 2x)e*u = (4x + 12)x“e* = (4x° + 12x)e
Integrating with respect to x
x%e*u = f(4x3 +12x%)e* dx = 4x3e* + ¢
M1 A1l
dy 2 dy
As u=a+g(x)y , and g(x)=; , when x=1,y=5, E=—3,wehave u=-3+2x5
Thatis u=7,s0 7e = 4e + c, whichmeans ¢ = 3e M1 A1l

So u=4x+3e%
X

D a3
dx xy_ x exz

This has integrating factor

2
ef;dx = g2lnx — 2
M1
So

dy
2 4 2xy=4x3+43ee7*
x I xy X ee

Integrating with respect to x

x?y = f 4x3 +3ee ¥ dx = x* —3ee ™ + ('

M1 A1l
when x=1,y=5 so 5=1-3+4 ¢ whichmeans ¢' =7 B1 (15)
Therefore,
y=x%*+ x—72— 36;:1



8. (i) All terms of the sequence are positive integers because they are all either equal to a previous
term or the sum of two previous terms which are positive integers. El

Thus, for k> 1,as Uy, = U, and Uppyq = U + Upgq, Ungar — Upg = Ugyer =1 EL

Also, Uppsq1 — Uggsy = U + Ups1 — Ugr1 = Uk = 1. Thus, the required result is proved for terms
from the third onwards. (The only terms not included in this proof are the first two, which are in
case both equal to 1). E1(3)

(i) Suppose that u,, = ¢, and that uy,,q =d ,for k > 1, where d and c share a common factor
greater than one, thenuy, = ¢, as Uy, =uy,and U1 =d—c =1 as Uypyq = U + Upyq and
using (i). Then as d and c share a common factor greater than one, d-c and ¢ share a common factor
greater than one. So, two earlier terms in the sequence do share the same common factor. E1

Likewise, suppose that u,,,, = ¢, and that u,,,; =d ,for k = 1, where d and c share a
common factor greater than one, then u,,; = ¢ and u, = d — c giving the same result. E1

This is true for pairs of consecutive terms from the second term (and third) onwards. Repeating this
argument, E1 we find that it would imply that the first two terms would share a common factor
greater than one, which is a contradiction. E1 Hence any two consecutive terms are co-prime. (4)

(iii) For k = 1,and m = 1 suppose that u,, = cand uy,,; = d, and that Uy, = ¢ and
Usk+m+1 = d ,thenas d > ¢, 2k + m iseven,so m iseven, say 2n. Thus, u, = cand uyq =
d—c,and ugy, = cand Uginsqs = d — c. Thatis, an earlier pair of terms would appear
consecutively. El

Likewise, if Uyp4o = ¢ and Uyp41 = d , and that Uygime2 = cand Uspymer = d, the same
argument applies. El

So the argument can be repeated down to the first two terms, which are of course equal, E1 and it
would imply a later pair are likewise which contradicts (i). E1 (4)

(iv) If (a,b) does not occur, where a and b are coprime and a > b, then there does not exist k
such that uy,,1 = a and uy,,5 = b . E1 Therefore there cannot exist a k such that u,,4 = b
and u, = a— b, the sum of which is a , which is smaller than a + b . E1

If (a,b) does not occur, where a and b are coprime and a < b, then there does not exist k such
that u,, = a and u,,,1 = b . E1 Therefore there cannot exist a k such that u;, = aand u,,; =
b — a, the sum of which is b, which is smaller than a + b . E1 (4)

(V) Suppose that there exists an ordered pair of coprime integers (a,b) which does not occur
consecutively in the sequence. Then by part (iv) E1 the pair (a-b, b) [if a>b] or (a, b-a) [if b>a] (which
has a smaller sum) does not occur. Repeating this means that a coprime pair with sum <3 does not
occur. The only coprime pair of integers with sum <3 is (1, 1) which are the first two

terms. Contradiction and so every ordered pair of coprime integers occurs in the sequence E1

and by (iii) only occurs once. E1 Therefore, there exists an n , and that n is unique such that

q= uu—” , for any positive rational g E1 (which is expressed in lowest form). So the inverse of f
n+1

exists. E1 (5)



G1G1
Resolving vertically, (1) M1
Rcosa+Scosff =W
Resolving horizontally, (2) M1
Rsina = Ssinf
Taking moments about Q, (3) M1 A1

WlcosO = 2Rl cos(a — 8)

Dividing (3) by [ gives (4)
W cos @ = 2R cos(a — )

Multiplying (1) by cos 8 sinf8 gives
Rcosa cos@ sinff + Scosfcosf sinff =W cos8 sinf
Using (2) and (4) to substitute for Ssinff and W cos 8 respectively, M1
Rcosa cosB sinfB + Rsinacosf cosd = 2R cos(a — 6) sin B

Thus
cosa cos @ sinff +sinacosfBcosf =2cosa cosf sinff + 2sina sinfsinf

and so
sinacosffcosf —cosa cosf sinff = 2sina sinfsinf
Dividing by sina cos@sinf gives
cotf —cota = 2tan 6

as required. M1 A1* (9)



(ii)

G1
Resolving vertically, (5) M1
Rcosa+ Scosff =W +uSsinf
Resolving horizontally, (6) M1 A1 M1
Rsina = Ssinf + uScosf
Taking moments about Q, and dividing by by [ gives as before (4)
W cos ¢ = 2R cos(a — ¢)
Multiplying (5) by (sinf + pcosB) cos ¢ gives

Rcosa (sinf + pcosB)cos¢g + Scosf (sinf + pucosf) cos ¢
= W(sinB + ucos B) cos ¢ + uS sin f (sin f + u cos B) cos ¢

Using (6) and (4) to substitute for S(sin B + pcosB) and W cos ¢ respectively, M1 A1l

Rcosa (sinf + ucosB)cos ¢ + Rsina cosf cos ¢
= 2R cos(a — ¢)(sin B + pcosf) + u Rsina sin S cos ¢

Thus
cos a (sin B + p cos B) cos ¢ + sina cos B cos ¢
= 2(cosacos ¢ + sina sinp)(sin B + pcosB) + u sina sin B cos ¢
So, dividing by sinacosf cos¢, M1 A1

cota(tanf+u)+1=2cota(tanp +pu) +2tan¢ (tanf + p) + utanp
1=cota(tanf + u) +2tan¢ (tanf + u) + utanpf
From (i), cota = cotff —2tan@

SO M1
1= (cotp—2tanBf)(tanB + u) + 2tan¢ (tanB + ) + utanp

1—putanB —1—pcotf =2(tan¢ —tan @) (tan B + p)

Hence,



and so,

That is

as required.

2(tanf —tan @) (tan B + u) = utan B + pcot B = u(tan B + cot B)

sin cos sin? B + cos? 1
tanf + cotf = b . ﬁ= .ﬁ ﬁ= :
cosff  sinf sinf8 cosf sinf8 cos 8
u
tanf —t =
an an¢ 2sinB cosB(tan B + w)
tanf —tan ¢ = s

(u + tan B) sin 28
Al1* (11)

Alternative method using concurrency principle



10. If the extension in the equilibrium position is d , then
kmgd
a

mg =

Thus, d = 4
k
If the extension when the particle is released is d + x, then the equation of motion is

kmg(d + x) kmgd kmgx kmgx

mx =mg
a a a a

M1 A1

Al
This is simple harmonic motion with period %ﬂ where Q? = %‘g ,i.e. kg = aQ? asrequired. E1 (4)

Let y be the displacement of the platform below the centre point of its oscillation,

then, y=b —x and y = —w?y = —w?(b — x) (x newly defined as in question) M1 Al
Thus, the equation of motion of the particle becomes
. kmg(h —a —x)
my=mg—R—
a
M1A1l
So,
maQ?(th—a—x
—mw?(b—x) =mg—R — (a )
M1 A1l
That is,
R=mg +mO%@a+x—h)+mw?(b—x)
as required. Al1* (7)
Toremainincontact, R=>0 for 0 <x <2b
R =mg + mQ?(a — h) + mw?b + m(Q? — w?)x
M1

soif w < Q,the minimum value of R is mg + mQ?(a — h) + mw?b, (whenx =0) M1
thus mg + mQ?(a — h) + mw?b =0

Rearranging,
g+ w?b a w?b 1\ w?b
<t ta=pr i ra=a(ieg)+ g

as required. Al1* (3)

h

If w > Q, minimum value of R is mg + mQ?(a — h) + mw?b + 2mb(Q? — w?) (atx = 2b) M1



Thus,

mg + mQ?(a — h) + mw?b + 2mb(Q? — w?) = 0

and so,

h

+ w?b 2b(Q? — w?
Lgreh 2@ —e)

1\ w?b 2w%b 1\ w?b
=a<1+—)+———+2b— =a(1+E)____+

Q0? 0? k Q0? Q02 Q02
Al (2)
. 1 w?b 1
Thus,lfw<Q,hSa(1+E)+F<a(1+E)+b, M1
. 1 w?b 1
|fa)>Q,hSa(1+E)—F+2b<a(1+z)+b M1
If w=20Q,then R =mg +mO?(a—h) + mw?b >0, M1
so,
1
h<a (1 + —) +b
k
A1* (4)
Alternative
stem measuring y below A
" kmg(y — a)
my=mg ———
a

" kg 1

y= v +kg(147)
and for platform introduced

" kmg(y — a)

my=mg—R————



11. (i)
PY<y)=P(fX)<y)

=P(X = ()

El
as fis a strictly decreasing function
=P(X 2 f(»)
El
_b—f)
b—a
because X is uniformly distributed on [a,b]. M1 A1* (4)
Thus, the pdf of Y is
d(b=f»\_-fo)
dy\ b—a b—a
y € [a, b] M1
a —a
by integration by parts M1 M1
—ab? + a®b b b(a—»b b b
=u+f fo(x) dxza(a )+f2ﬂdx——b+f xf(x) X
b—a « b-—a b—a b — e« b-—-a
as required. M1 Al1* (5)

(i) Considering Z as a function of X, it satisfies the three conditions for the function f in part (i), as
trivially by the definition of c the first is satisfied, considering the graph or the derivative the second
is, and by symmetry, the third is. El

SO

and therefore

Therefore,

b cx 1 c by —¢ c c b c
E(Z)=f dx = f + dx = f1+
ca X—Cch—a b—a ), a x




[x +cln(x — )]

b—a
M1
c? b—c
=c+ ln( )
b—a a—c
Al
From (i),
b cx 2x
E(ZZ):—ab+f dx
c X—chb—a
M1
2c b x2 2c bx2 _xc xc—c? c?
=—ab + f dx = —ab + f
b—al, x—c b—al, x—c xX—c x-—c¢
M1
2c [x? b
=—ab+ — [—+cx+c?In(x —¢)
b—al?2 a
2¢c3 b—c
= —ab+c(a+b)+ 2c? + ln( )
b—a a—c
Al
2¢c3 b—c 2c3 b—c
=—ab+ab + 2c% + ln( >=202+ ln( )
b—a a—c b—a a—c
El
Thus,

5 2¢3 b—c c? b-c
Var(Z) = 2c* + ln< ) —|c+ ln(
b—a b—a a—c

As Var(Z) > 0, (Zis not a constant)

5 <cz b—c\\
ce — ln( ) >0
b—a a—c¢

2 b—
andsoas ¢ and — In (—C) are both positive,
b—a a—c



l (b—C)
b—a n a—c

and similarly,

a—=c¢

as required. Al* (11)



12. (i) PX=x)=q*'p and P =y)=q” Ip for x,y =1

s—1 s-1
P(S=s)=PX+Y=5s)= Z PX=xY=s—x)= z > 1pgs > 1p
x=1 x=1

s—1

= z q°~?p* = (s = Dp?q°~?

x=1

for s > 2. M1 A1 (2)

PT=t)=PX=tY<t)+PY =tX<t)—-PX=tY=t)

M1

y=1
M1
t—1.,2 1- qt 2t-2 .2 t—1 t 2t—2 .2
=29""p =g 9P =2¢""'p(1—q")—q*"“p
Al
=q"'p(2-2¢"-q¢" ") =pg" 2 -2¢" - A -q"™ ") = pg (2 -q" - qY)
for t = 1 asrequired. Al* (4)

(ii)

P(U=u) = zP(X:x,Y=x+u)+ZP(Y=x,X=x+u)
x=1 x=1

foru=1
=2 z qx—lp qx+u—1p — 2p2 quz q2x—2 — 2p2 qu 1
1—q?
x=1 x=1
M1
1 2p g%
= 2p* q* S
p(1+q) (1+q)
Al
and

I
=

N
ngk
_

N

x

|

N

I

=

I

<

P(U=0)= Z PX=xY=x)= Z 7 pqg*1p
x=1 x=1



PW=w)=PX=w,Y>2w)+ PV =w,X=>w)—PX =w,Y =w)

forw=>1

=2 Z qw—lp qw+y—1p — qw—lp qw—lp — 2p2q2w—2 Z qy _ p2q2w—2
y=0

y—0
M1
2 2 1+¢q
2 ,2w-2 2 2w-2 2 2w-2 2 ,2w-2
r’q =4 P r’q (1_q AU s
=pg** 7?1 +¢q)
Al (2)

(iii) S=2=>X=1,Y=1and T=3 =X =3 or Y =23 or both

Thus,

P(§=2,T=3)=0 E1

However,

P(S§=2)=p*>#0and P(T=3)=pq*2-q¢*-q¢*) =pg®(1 - ¢* +1-¢%)
=pa*(p(1 +q) +p(1 + q + q?))

=p?q*(2+2q+q*) #0

andso, P(§=2,T=3) # P(§=2) x P(T=3) E1(2)
(iv)
U=uand W=w=>X=wY=w+tuorVY=w,X=w+uforu>0 M1
So P(U=u,W =w) =2q" 1pqg”+¥ 1p = 2p2q?Wtu-2 M1
2pq"
P(U:u):(1+q)
and

PW =w) =pg™2(1+q)

SO
2p q*

P(U=u)xP(W=w)=(1+q)

X quW—Z(l + q) — 2p2q2w+u—2 — P(U — u,W — W)

Al
Inthecase u=20,
U=0and W=w=X=wY=w
so PU=0,W=w)=q"1p q¥p =p?q?"W2 M1

whereas P(U =0) = ﬁ and P(W =w) =pg?¥ 2(1+q)



SO

PU=0)xPW=w) = Xpq?W (14 q) =p?q*W 2 =PWU=0,W =w)

1+g¢q
Thus, U and W are independent. A1l (5)
Pairing Sand U — consider S=2 , U=3

S§=2=>X=1,Y =1 whichwouldimply U =0

3
Thus P(S=2) =p%2 # 0 and P(U=3)=(21”+—q® # 0 whereas P(S=2,U=3)=0 so

P(S=2,U=3) # P(§=2) x P(U=3) andSand U are not independent.
Pairing Sand W - considerS =2, W =3
§=2=X=1,Y =1 whichwouldimply W =1

so P(S=2,W =3)=0 whereas P(S=2) # 0 and P(W =3) # 0soSandW are not
independent.

Pairing Tand U - consider T=1, U=1
T=1=>X=1,Y =1 whichwouldimply U =20

so P(T=1,U0U=1)=0 whereasP(T=1)# 0 and P(U=1) # 0soTandU are not
independent.

PairingTand W - consider T=1, W =2
T=1=X=1,Y=1 whichwouldimply W =1

so P(T=1,W =2)=0 whereasP(T =1) # 0 and P(W =2) # 0soTand W are not
independent. B2 (2)

Alternative (i)

PT=t)=PX=tY<t)+PY=tX<t)+PX=tY=t)

[or P(T=t)=PX=t,Y<t)+PY =t,X<t)]

M1
t—1
=2¢"""p Z ¢>'p +q"'pg"'p
y=1
M1
1T _ _ _
= 2qt~1p? o + 22 p2 = 2t 1p(1 — gt1) + q2t2 p?

Al



=q"'p(2-2¢""+q¢" ) =pq" 2 -2¢"""+ 1 - g ) = pqt 12 —-q¢"t —¢H)

for t = 1 asrequired. A1* (4)

(ii)
PW=w)=PX=w,Y>wW)+PY =w,X>wW)+PX=w,Y =w)

forw=>1

2 _ . ( 29 _
— quZW 1 — +p2q2w 2 :quZW 2(1_q+1) =p2q2w 2

Multiple alternatives for counter-examples for (iv)
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